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Abstract
We construct extensions of the Standard Model with two Higgs
doublets, where there are flavour changing neutral currents both in the
quark and leptonic sectors, with their strength fixed by the fermion
mixing matrices VCKM and VPMNS. These models are an extension
to the leptonic sector of the class of models previously considered by
Branco, Grimus and Lavoura, for the quark sector. We consider both
the cases of Dirac and Majorana neutrinos and identify the minimal
discrete symmetry required in order to implement the models in a
natural way.
1fbotella@uv.es
2gustavo.branco@cern.ch and gbranco@ist.utl.pt
3Miguel.Nebot@uv.es
4margarida.rebelo@cern.ch and rebelo@ist.utl.pt
1 Introduction
Understanding the mechanism of gauge symmetry breaking is one of the
fundamental open questions in Particle Physics. Indeed, even if elementary
scalar doublets are responsible for the breaking of the gauge symmetry, one
does not know whether the breaking is generated by one, two or more scalar
doublets. This question is specially relevant in the beginning of the LHC
era, with the prospects of experimentally probing the mechanism of gauge
symmetry breaking.
In the Standard Model (SM) there is only one Higgs doublet and, as a
result, scalar couplings are automatically flavour diagonal in the quark mass
eigenstate basis. In multi-Higgs models, this is no longer true and one is
confronted with dangerous flavour changing neutral currents (FCNC) at tree
level, unless one introduces a symmetry leading to natural flavour conserva-
tion (NFC) [1], [2], [3], in the Higgs sector or some alternative mechanism to
naturally suppress FCNC.
A possible alternative scenario for suppressing FCNC is through the as-
sumption that all flavour violating neutral couplings be proportional [4], [5]
to small entries of the Cabibbo-Kobayashi-Maskawa matrix (VCKM) [6], [7].
This is one of the ingredients of the Minimal Flavour Violation (MFV) prin-
ciple, introduced for the quark sector in Refs. [8], [9] and later on extended
to the leptonic sector [10], [11], [12]. The first models of the MFV type,
in the framework of two-Higgs doublets and without ad hoc assumptions,
were proposed by Branco, Grimus and Lavoura (BGL) [13]. In the BGL
models, the MFV character results from an exact discrete symmetry of the
Lagrangian, spontaneously broken by the vacuum. Another proposal for the
structure of the scalar couplings to fermions is the suggestion that the two
Yukawa matrices are aligned in flavour space [14].
Recently, we have proposed an extension of the hypothesis of MFV to
general multi-Higgs models with special emphasis on two Higgs doublets [15].
In that work there is a detailed analysis of the conditions for the neutral
Higgs couplings to be only functions of VCKM elements as well as a MFV
expansion for the neutral Higgs couplings to fermions. This expansion is
built by combining the most basic elements [16] that transform appropriately
under weak basis transformations, with terms proportional to the fermion
mass matrices.
In this paper, we study how our analysis can be extended to the leptonic
sector, considering both the case where neutrinos are Dirac particles and the
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case where neutrinos are Majorana particles, acquiring naturally small masses
through the seesaw mechanism. Note that this extension to the leptonic
sector is crucial in order to study stability under renormalization as well as
to do a full phenomenological analysis of BGL type models.
This paper is organized as follows: In section 2 we extend the BGL model
to the leptonic sector with the imposition of lepton number conservation.
Therefore, in this case, neutrinos are Dirac particles. Furthermore, we show
that in this case the one loop renormalization equations for the corresponding
Yukawa couplings, both in the quark and leptonic sector, obey the equations
that guarantee the dependence of Higgs FCNC solely on functions of the
mixing matices. In this section we also deal with the question of the unique-
ness of BGL models. In section 3 we extend the BGL model to the leptonic
sector without the imposition of lepton number conservation. We start by
discussing the effective low energy scenario with Majorana neutrinos, and its
stability. Next, we analyse the leptonic sector in the seesaw framework taking
into consideration both the low and high energy couplings to the Higgs fields
involving neutrinos. In section 4 we argue in favour of having the symmetry
leading to MFV softly broken in the scalar potential. Finally, in section 5
we present our Conclusions.
2 Minimal Flavour Violation with Dirac Neu-
trinos
2.1 Framework
The extension of BGL models to the leptonic sector depends on the neutrino
character. In this section, we analyse the leptonic sector of models that
account for neutrino masses by enlarging the Standard Model (SM) through
the introduction of three righthanded neutrinos ν0R while at the same time
imposing total lepton number conservation. As a result, only Dirac mass
terms are generated and neutrinos are Dirac particles. We consider models
with two Higgs doublets such that the flavour changing neutral currents are
controlled by the VCKM matrix in the quark sector and by the Pontecorvo-
Maki-Nakagawa-Sakata (PMNS) matrix [17], [18], [19] in the leptonic sector.
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The full Yukawa couplings are given by:
LY = −Q0L Γ1Φ1d0R −Q0L Γ2Φ2d0R −Q0L ∆1Φ˜1u0R −Q0L ∆2Φ˜2u0R
−L0L Π1Φ1l0R − L0L Π2Φ2l0R − L0L Σ1Φ˜1ν0R − L0L Σ2Φ˜2ν0R + h.c. ,(1)
where Γi, ∆i denote the Yukawa couplings of the lefthanded quark doublets
Q0L to the righthanded quarks d
0
R, u
0
R and to the Higgs doublets Φi; Πi, Σi de-
note the couplings of the lefthanded leptonic doublets L0L to the righthanded
charged leptons l0R, neutrinos ν
0
R and to the Higgs doublets. Lepton num-
ber conservation prevents the existence of invariant mass terms of Majorana
type for righthanded neutrinos. These will appear in section 3 in the see-
saw framework, where the requirement of lepton number conservation will
be relaxed.
In order to obtain a structure for Γi, ∆i such that there are FCNC at
tree level with strength completely controlled by VCKM , Branco, Grimus and
Lavoura imposed the following symmetry on the quark and scalar sector of
the Lagrangian [13]:
Q0Lj → exp (iα) Q0Lj , u0Rj → exp (i2α)u0Rj , Φ2 → exp (iα)Φ2 , (2)
where α 6= 0, pi, with all other quark fields transforming trivially under the
symmetry. The index j can be fixed as either 1, 2 or 3. Alternatively the
symmetry may be chosen as:
Q0Lj → exp (iα) Q0Lj , d0Rj → exp (i2α)d0Rj , Φ2 → exp (−iα)Φ2 .
(3)
The symmetry given by Eq. (2) leads to Higgs FCNC in the down sector,
whereas the symmetry specified by Eq. (3) leads to Higgs FCNC in the up
sector. The neutral Higgs interactions with the fermions, obtained from the
quark sector of Eq. (1) are given by
LY (neutral, quark) = −d0L
1
v
[MdH
0 +N0dR + iN
0
d I] d
0
R +
− u0L
1
v
[MuH
0 +N0uR + iN
0
uI] u
0
R + h.c. , (4)
where v ≡
√
v21 + v
2
2 = (
√
2GF )
−1/2 ≈ 246 GeV, GF is the Fermi coupling
constant andH0, R are orthogonal combinations of the fields ρj , arising when
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one expands [20] the neutral scalar fields around their vacuum expectation
values (vevs), φ0j =
eiθj√
2
(vj + ρj + iηj), choosing H
0 in such a way that it
has couplings to the quarks which are proportional to the mass matrices, as
can be seen from Eq. (4). Similarly, I denotes the linear combination of ηj
orthogonal to the neutral Goldstone boson. The mass matrices Md and Mu
and the matrices N0d and N
0
u are given by:
Md =
1√
2
(v1Γ1 + v2e
iθΓ2) , Mu =
1√
2
(v1∆1 + v2e
−iθ∆2) , (5)
N0d =
v2√
2
Γ1 − v1√
2
eiθΓ2 , N
0
u =
v2√
2
∆1 − v1√
2
e−iθ∆2 , (6)
here θ denotes the relative phase of the vevs of the neutral components of
Φi. The matrices Md,Mu are diagonalized by the usual bi-unitary transfor-
mations:
U †dLMdUdR = Dd ≡ diag (md, ms, mb) , (7)
U †uLMuUuR = Du ≡ diag (mu, mc, mt) . (8)
The flavour changing neutral currents are controlled by the matrices Nd and
Nu related to N
0
d and N
0
u by the following transformations:
Nd = U
†
dLN
0
dUdR , Nu = U
†
uLN
0
uUuR . (9)
In the case of the symmetry given by Eq. (2), for j = 3 there are FCNC in
the down sector controlled by the matrix Nd given by [13]
(Nd)ij ≡ v2
v1
(Dd)ij −
(
v2
v1
+
v1
v2
)
(V †CKM)i3(VCKM)3j(Dd)jj . (10)
whereas, there are no FCNC in the up sector and the coupling matrix of the
up quarks to the R and I fields is of the form:
Nu = −v1
v2
diag (0, 0, mt) +
v2
v1
diag (mu, mc, 0) . (11)
In this example, the Higgs mediated FCNC are suppressed by the third row
of the VCKM matrix, therefore obeying to the additional constraint imposed
on models designated as of the MFV type [21].
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As shown in reference [15], the symmetries given by Eq. (2) or by Eq. (3)
lead to
Pγj Γ2 = Γ2 , Pγj Γ1 = 0 , (12)
Pγj ∆2 = ∆2 , Pγj ∆1 = 0 , (13)
where γ stands for u (up) or d (down) quarks, and Pγj are the projection
operators defined [16] by
Puj = UuLPjU †uL , Pdj = UdLPjU †dL , (14)
and (Pj)lk = δjlδjk. Note that Eqs (12) and (13), guarantee that the Higgs
flavour changing neutral couplings can be written in terms of quark masses
and VCKM entries [15]. This is a crucial feature for BGL models to be con-
sidered as of Minimal Flavour Violation type (MFV).
In the leptonic sector, with Dirac type neutrinos, there is perfect analogy
with the quark sector, consequently MFV is enforced by one of the following
symmetries. Either
L0Lk → exp (iα) L0Lk , ν0Rk → exp (i2α)ν0Rk , Φ2 → exp (iα)Φ2 , (15)
or
L0Lk → exp (iα) L0Lk , l0Rk → exp (i2α)l0Rk , Φ2 → exp (−iα)Φ2 ,
(16)
where, once again, α 6= 0, pi, with all other leptonic fields transforming triv-
ially under the symmetry. The index k can be fixed as either 1, 2 or 3.
Similarly, for the leptonic sector, these symmetries imply
PβkΠ2 = Π2 , PβkΠ1 = 0 , (17)
PβkΣ2 = Σ2 , PβkΣ1 = 0 , (18)
where β stands for charged lepton or neutrino. In this case
P lk = UlLPkU †lL , Pνk = UνLPkU †νL , (19)
where UνL and UlL are the unitary matrices that diagonalize the correspond-
ing square mass matrices
U †lLMlM
†
l UlL = diag
(
m2e, m
2
µ, m
2
τ
)
,
U †νLMνM
†
νUνL = diag
(
m2ν1 , m
2
ν2, m
2
ν3
)
, (20)
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with Ml and Mν of the form
Ml =
1√
2
(v1Π1 + v2e
iθΠ2) , Mν =
1√
2
(v1Σ1 + v2e
−iθΣ2) . (21)
2.2 Renormalization Group Study
Equations (12) and (13) together with Eqs. (17) and (18) guarantee that the
Higgs FCNC are functions of fermion masses and of the CKM and PMNS
matrices. Therefore, it is crucial to guarantee the stability of these equations
under renormalization.
The one loop renormalization group equations (RGE) for our Yukawa
couplings can be generalized from reference [22] to
DΓk = aΓΓk +
+
2∑
l=1
[
3Tr
(
ΓkΓ
†
l +∆
†
k∆l
)
+ Tr
(
ΠkΠ
†
l + Σ
†
kΣl
)]
Γl +
+
2∑
l=1
(
−2∆l∆†kΓl + ΓkΓ†lΓl +
1
2
∆l∆
†
lΓk +
1
2
ΓlΓ
†
lΓk
)
, (22)
D∆k = a∆∆k +
+
2∑
l=1
[
3Tr
(
∆k∆
†
l + Γ
†
kΓl
)
+ Tr
(
ΣkΣ
†
l +Π
†
kΠl
)]
∆l +
+
2∑
l=1
(
−2ΓlΓ†k∆l +∆k∆†l∆l +
1
2
ΓlΓ
†
l∆k +
1
2
∆l∆
†
l∆k
)
, (23)
DΠk = aΠΠk +
+
2∑
l=1
[
3Tr
(
ΓkΓ
†
l +∆
†
k∆l
)
+ Tr
(
ΠkΠ
†
l + Σ
†
kΣl
)]
Πl +
+
2∑
l=1
(
−2ΣlΣ†kΠl +ΠkΠ†lΠl +
1
2
ΣlΣ
†
lΠk +
1
2
ΠlΠ
†
lΠk
)
, (24)
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DΣk = aΣΣk +
+
2∑
l=1
[
3Tr
(
∆k∆
†
l + Γ
†
kΓl
)
+ Tr
(
ΣkΣ
†
l +Π
†
kΠl
)]
Σl +
+
2∑
l=1
(
−2ΠlΠ†kΣl + ΣkΣ†lΣl +
1
2
ΠlΠ
†
lΣk +
1
2
ΣlΣ
†
lΣk
)
, (25)
where D ≡ 16pi2µ (d/dµ) and µ is the renormalization scale. The coefficients
aΓ, a∆, aΠ and aΣ are given by [23]:
aΓ = −8g2s −
9
4
g2 − 5
12
g′2 , a∆ = −8g2s −
9
4
g2 − 17
12
g′2 .
aΠ = −9
4
g2 − 15
4
g′2 , aΣ = −9
4
g2 − 3
4
g′2 , (26)
where gs, g and g
′ are the gauge coupling constants of SU(3)c, SU(2)L and
U(1)Y respectively. To show that Eqs. (12), (13), (17) and (18) are stable
under RGE one has to show that
Pγj (DΓ2) = (DΓ2) , Pγj (DΓ1) = 0 , (27)
Pγj (D∆2) = (D∆2) , Pγj (D∆1) = 0 , (28)
Pβk (DΠ2) = (DΠ2) , Pβk (DΠ1) = 0 , (29)
Pβk (DΣ2) = (DΣ2) , Pβk (DΣ1) = 0 , (30)
which guarantee that the Yukawa couplings at each different scale still verify
equations of the same form.
It is interesting to notice that if one does not use the conditions for the
leptonic sector given by Eqs. (17) and (18) one is lead, for example, to:
Pγj (DΓ1) = Tr
(
Π1Π
†
2 + Σ
†
1Σ2
)
Γ2 , (31)
also, one must use the equality:
Tr
(
Π1Π
†
2 + Σ
†
1Σ2
)
= 0 (32)
in order to show that Pαi (DΓ2) = (DΓ2). Clearly, Eq. (32) follows from
Eqs. (17) and (18), since in this case we have:
Tr
(
Π1Π
†
2 + Σ
†
1Σ2
)
= Tr
(
Π1Π
†
2Pβj + Σ†1Pβj Σ2
)
=
= Tr
((
Pβj Π1
)
Π†2 +
(
Pβj Σ1
)†
Σ2
)
= 0 , (33)
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so that Eq. (32) is enforced by the MFV leptonic conditions. It is the entire
set of equations both in the quark and in the leptonic sector that guarantee
the stability of these models. This fact should not come as a surprise since the
relations given by Eqs. (12), (13), (17) and (18) follow from the imposition
of a symmetry on the full Lagrangian.
In the quark sector there were six possible different implementations of
BGL type models. Three with FCNC in the down sector, each one corre-
sponding to a different choice for the index j, and three with FCNC in the
up sector also for the different choices of j. In the extension to the leptonic
sector with Dirac neutrinos one has another set of six different leptonic im-
plementations obtained in a similar fashion. In total, one may consider thirty
six different MFV models of BGL type in the case of Dirac neutrinos.
In Ref. [15] we presented a MFV expansion forN0d andN
0
u built with terms
proportional to Md and Mu respectively, as well as products of terms which
transform like Hd and Hu under weak basis transformations, multiplying Md
and Mu. We identified Pdj and Puk as the simplest such elements with the
appropriate transformation under changes of weak basis. In fact, Hd and Hu
can be decomposed as [16]:
Hd(u) =
∑
i
m2d(u)iP
d(u)
i . (34)
As a result we obtained, for example, simple models of MFV type with
Higgs mediated FCNC in both sectors, like the one given by the following
equations:
N0d =
v2
v1
Md −
(
v2
v1
+
v1
v2
)
UuLPiU
†
uL Md , (35)
N0u =
v2
v1
Mu −
(
v2
v1
+
v1
v2
)
UdLPiU
†
dL Mu . (36)
Several different possible variations beyond BGL models were considered in
Ref. [15], obtained from different combinations of Pdj and Puk with Md and
Mu. We pointed out in Ref. [15] that the zero texture structure of these
models is more involved than in the BGL case and that the question of as-
suring its loop stability, through the introduction of symmetries, was not
obvious. We can now address this question with the help of the renormal-
ization group equations for the Yukawa couplings given by Eqs. (22), (23),
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(24) and (25). All these additional MFV models, as well as the BGL models,
lead to relations of the following form:
Pαi Γ2 = Γ2 , Pαi Γ1 = 0 , (37)
Pβj ∆2 = ∆2 , Pβj ∆1 = 0 , (38)
and similar equations for the leptonic sector. For α = β and i = j we are in
a BGL model in the quark sector. Models with α 6= β or i 6= j correspond
to additional cases presented in Ref. [15].
It can be readily verified that, in general
Pαi (DΓ1) = −
3
2
Pαi ∆1∆†1Γ1−2Pαi Pβj ∆2∆†1Pαi Γ2+
1
2
Pαi Pβj ∆2∆†2Pβj Γ1 . (39)
We have already shown that for BGL models we have
Pαi (DΓ1) = 0 . (40)
In the case α = β, i 6= j we have
Pαi Pβj = 0 , (41)
due to the fact that these are projection operators. So we are left with
Pαi (DΓ1) = −
3
2
Pαi ∆1∆†1Γ1 , (42)
which, in general, is different from zero. Therefore we conclude that this type
of models cannot be enforced by symmetries. The consideration of equation
Pαi (DΓ2) = (DΓ2) would lead to similar difficulties and therefore, would
allow us to draw a similar conclusion. As a result we may conclude that out
of the models described by Eqs. (37) and (38) and their generalization to the
leptonic sector, only BGL type models can be enforced by some symmetry.
The same question was recently addressed in Ref. [24] following a different
approach. There it was shown that BGL models are the only ones that
survive among a large set of models enforced by abelian symmetries.
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3 Minimal Flavour Violation with Majorana
Neutrinos
3.1 Low Energy Effective Theory and Stability
In the previous section, we assume that neutrinos are Dirac particles. An
alternative possibility is to allow for lepton nonconservation leading to an
effective Majorana mass term for the three light neutrinos of the form
LMajorana =
1
2
ν0L
T
C−1mνν
0
L + h.c. , (43)
which violates lepton number. Such a mass term is generated after sponta-
neous gauge symmetry breaking from an effective dimension five operator O
which, in the two Higgs doublet model can be written as:
O =
2∑
i,j=1
∑
α,β=e,µ,τ
2∑
a,b,c,d=1
(
LTLαaκ
(ij)
αβ C
−1LLβc
) (
εabφib
) (
εcdφjd
)
. (44)
This operator contains two lefthanded lepton doublets and two Higgs dou-
blets and can be viewed, for example, as arising from the seesaw mechanism
after integrating out the heavy degrees of freedom. In the seesaw context
the heavy degrees of freedom are the righthanded neutrinos. The seesaw
framework will be analysed in the next subsection.
In this context we have, in the leptonic sector, the two flavour structures
introduced before:
LYl = −L0L Π1Φ1l0R − L0L Π2Φ2l0R + h.c. , (45)
together with the four new flavour structures given by the κ(ij) matrices.
A priori, it looks more difficult to implement MFV in the case of Majorana
neutrinos. However, this can be done by imposing the following Z4 symmetry
in the effective Lagrangian including the terms given by Eqs. (44) and (45):
L0Lj → exp (iα) L0Lj , Φ2 → exp (iα)Φ2 , (46)
with α = pi/2. Imposing this Z4 symmetry implies:
κ(12) = κ(21) =

 0 0 00 0 0
0 0 0

 , (47)
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and taking for definiteness j = 3 we get
κ(11) =

 × × 0× × 0
0 0 0

 , κ(22) =

 0 0 00 0 0
0 0 ×

 , (48)
fixing the angle α as pi/2 ensures that κ
(22)
33 6= 0 so that the determinant
of the resulting neutrino mass matrix does not vanish automatically. The
Majorana mass matrix for the neutrinos is given by:
1
2
mν =
1
2
v21κ
(11) +
1
2
v22e
2iθκ(22) . (49)
This Z4 symmetry also implies the following structure for Π1 and Π2:
Π1 =

 × × ×× × ×
0 0 0

 , Π2 =

 0 0 00 0 0
× × ×

 . (50)
The neutrino mass matrix mν is block diagonal with each block given by
a different κ matrix. As a consequence, in the diagonalization of mν , the
matrices κ(11) and κ(22) are diagonalized separately. Therefore, any linear
combination of these two matrices will be simultaneously diagonalized. As a
result the lepton number violating Weinberg operator [25] of Eq. (44) does
not give rise to Higgs mediated FCNC in the neutrino sector. For the charged
lepton sector the situation is similar to the one encountered in the previous
section for the symmetry given by Eq. (15), leading to Higgs mediated FCNC
in this sector.
The symmetry imposed by Eq. (46) in the effective low energy theory
leads, for j = 3 for instance, to the following conditions:
κ(12) = κ(21) = 0 , κ(11)Pν3 = 0 , κ(22)Pν3 = κ(22) ,
Pν3Π1 = 0 , Pν3Π2 = Π2 . (51)
It can be easily verified, as we have done in section 2.2, and following the
RGE presented in Ref. [26] that these equations are indeed stable under
renormalization, since they keep the same form at all scales.
3.2 Seesaw Framework
In this section, we analyse the leptonic sector in the seesaw framework [27],
[28], [29], [30], [31]. We include one righthanded neutrino per generation and
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do not impose lepton number conservation. The leptonic part of Yukawa
couplings and invariant mass terms can then be written:
LY+mass = −L0L Π1Φ1l0R − L0L Π2Φ2l0R − L0L Σ1Φ˜1ν0R − L0L Σ2Φ˜2ν0R +
+
1
2
ν0R
T
C−1MRν
0
R + h.c. . (52)
The matrix MR stands for the righthanded neutrino Majorana mass matrix.
The leptonic mass matrices generated after spontaneous gauge symmetry
breaking are given by:
ml =
1√
2
(v1Π1 + v2e
iθΠ2) , mD =
1√
2
(v1Σ1 + v2e
−iθΣ2) . (53)
Note that the notation has changed from the one in section 2, we now have
ml ≡Ml and mD replaces Mν in order to avoid confusion with light neutrino
masses in the seesaw framework. The leptonic mass terms obtained from
Eq. (52) can be written as:
Lmass = −l0Lml l0R +
1
2
(ν0TL , (ν
0
R)
cT )C−1M∗
(
ν0L
(ν0R)
c
)
+ h.c. , (54)
with
M =
(
0 mD
mTD MR
)
. (55)
We use the following convention:
(ψL)
c ≡ CγT0 (ψL)∗ . (56)
The charged current couplings are given by:
LW = − g√
2
W+µ l
0
L γ
µ ν0L + h.c. . (57)
The neutral Higgs interactions with the fermions, obtained from Eq. (52) can
be written:
LY (neutral, lepton) = −l0L
1
v
[mlH
0 +N0l R + iN
0
l I] l
0
R +
− ν0L
1
v
[mDH
0 +N0νR + iN
0
ν I] ν
0
R + h.c. , (58)
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with
N0l =
v2√
2
Π1 − v1√
2
eiθΠ2 , (59)
N0ν =
v2√
2
Σ1 − v1√
2
e−iθΣ2 . (60)
There is a new feature in the seesaw framework due to the fact that in the
neutrino sector the light neutrino masses are not obtained from the diago-
nalization of mD.
The 6×6 neutrino mass matrixM is diagonalized by the transformation:
V TM∗V = D , (61)
where D = diag(mν1, mν2, mν3,M1,M2,M3), with mνi and Mi denoting the
masses of the physical light and heavy Majorana neutrinos, respectively. It
is convenient to write the matrices V and D in the following block form:
V =
(
K G
S T
)
, D =
(
d 0
0 D
)
. (62)
In the seesaw framework, with the scale of MR ≫ v the matrix K coincides
to an excellent approximation with the unitary matrix U that diagonalizes
the effective mass matrix meff for the light neutrinos:
U † meff U
∗ = d with meff ≡ − mD 1
MR
mTD . (63)
The matrix G verifies the exact relation [32]:
G = mDT
∗D−1 , (64)
while S is given to an excellent approximation by [32]:
S† = −K†mDM−1R , (65)
It is clear from Eqs. (64) and (65) thatG and S are of ordermD/MR, therefore
strongly suppressed. This in turn means that the 3 × 3 matrices K and
T are unitary to an excellent approximation. The matrix T is also very
approximately determined by:
T †MRT
∗ = D . (66)
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The physical fermion fields l, ν and N are then related to the weak basis
fields by:
l0L = UlLlL , l
0
R = UlRlR , ν
0
L = UνL +GNL , ν
0
R = S
∗νcL + T
∗N cL . (67)
In terms of physical fields the charged gauge current interactions become
LW = − g√
2
(lLγµUννLW
µ + lLγµQNLW
µ) + h.c. . (68)
Uν denotes the Pontecorvo-Maki-Nakagawa-Sakata (PMNS) matrix defined
by the product (Ul
†
LU). The second term of LW in Eq. (68), with mixing
given by Q ≡ (Ul†LG) is suppressed by G and involves the heavy neutrinos
N which are not relevant for low energy physics.
In general the couplings of Eq. (58) lead to arbitrary scalar FCNC at tree
level. In order for these couplings to be completely controlled by the PMNS
matrix we introduce the following Z4 symmetry on the Lagrangian:
L0L3 → exp (iα) L0L3 , ν0R3 → exp (i2α)ν0R3 , Φ2 → exp (iα)Φ2 , (69)
with α = pi/2 and all other fields transforming trivially under Z4. The most
general matrices Πi, Σi and MR consistent with this Z4 symmetry have the
following structure:
Π1 =

 × × ×× × ×
0 0 0

 , Π2 =

 0 0 00 0 0
× × ×

 , (70)
Σ1 =

 × × 0× × 0
0 0 0

 , Σ2 =

 0 0 00 0 0
0 0 ×

 , MR =

 × × 0× × 0
0 0 ×

 ,(71)
where × denotes an arbitrary entry while the zeros are imposed by the sym-
metry Z4. Note that the choice of Z4 is crucial in order to guaranteeM33 6= 0
and thus a non-vanishing detMR. The same choice was required in the pre-
vious subsection in order to allow for a non-vanishing determinant for the
effective Majorana neutrino mass matrix. In this weak basis the following
important relations are verified:
P3Π2 = Π2 , P3Π1 = 0 , with P3 =

 0 0 00 0 0
0 0 1

 , (72)
as well as
P3Σ2 = Σ2 , P3Σ1 = 0 . (73)
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3.3 Full Seesaw Higgs couplings
Let us now write the neutral scalar couplings of the charged leptons in the
mass eigenstate basis:
LlY (neutral) = −
H0
v
l Dl l
− R
v
l (NlγR +N
†
l γL)) l + i
I
v
l (NlγR −N †l γL)) l , (74)
where γL = (1− γ5)/2 , γR = (1 + γ5)/2 and Nl ≡ Ul†L N0l UlR.
The fact that U given by Eq. (63) is block diagonal with no mixing for
the third family leads to:
(Nl)ij ≡ (Ul†L N0l UlR)ij =
v2
v1
(Dl)ij −
(
v2
v1
+
v1
v2
)
(U †ν)i3(Uν)3j(Dl)jj . (75)
Uν is the PMNS matrix.
We obtain the neutrino couplings to neutral scalars from the last term of
Eq. (58). It is useful to rewrite N0ν in the form:
N0ν =
v2
v1
mD − v2√
2
(
v2
v1
+
v1
v2
)
e−iθΣ2 . (76)
Notice that the first term of N0ν is proportional to mD and therefore these
couplings to the fields R and I have a structure similar to the H0 couplings
in Eq. (58). The couplings of the neutrino mass eigenstates νi (light), Ni
(heavy) to the neutral scalars H0, R and I are more involved than the cou-
plings of the charged leptons, since they include light-light, light-heavy and
heavy-heavy couplings. In the sequel, we shall consider each one of these
terms, displaying their explicit form in the present model.
H0 couplings
(i) light-light couplings.
These couplings can be written
LH0νν =
Aij
v
νiLH
0νcjL + h.c. , (77)
where
A = U †mDS
∗ = d . (78)
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These couplings among light neutrinos are flavour diagonal and are propor-
tional to the light neutrino masses. From the point of view of the effective
low energy theory there are no scalar FCNC in the neutrino sector, since,
as will be shown, the term of N0ν in Σ2 given by Eq. (76), corresponding to
light-light couplings (U †Σ2S∗) will not generate nonzero off-diagonal entries.
Its form is given explicitly, in the sequel, by Eq. (87).
(ii) light-heavy couplings.
We write these terms as
LH0νN =
Bij
v
νLiH
0N cLj +
Eij
v
NLiH
0νcLj + h.c. , (79)
where
B = U †mDT
∗ , , E = G†mDS
∗ . (80)
From Eqs. (63) and (66) one can write
B = (i
√
dOc
√
D) , (81)
where Oc is an orthogonal complex matrix. This expression readily follows
from the Casas and Ibarra parametrization [33]. The fact that mD as well
as MR are block diagonal implies that O
c is also block diagonal and can be
parametrized as:
Oc =

 cosZ ± sinZ 0− sinZ ± cosZ 0
0 0 1

 , (82)
with Z complex. These couplings, given by the matrix B, are not suppressed
by the mixing matrices but the fact that the heavy neutrino fields, N , have
masses of order MR implies that they cannot be produced at low energies.
Using Eqs. (64) and (65) it can be readily verified that:
E = −D−1(i
√
dOc
√
D)†d , (83)
These couplings, given by the matrix E, are suppressed by both matrices G
and S therefore they are much smaller than those given by B, in addition,
they also include a heavy neutrino.
(iii) heavy-heavy couplings.
One has for these couplings:
LH0NN =
Fij
v
NLiH
0N cLj + h.c. , (84)
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where
F = G†mDT
∗ , (85)
it can be readily verified that:
F = D−1(i
√
dOc
√
D)†(i
√
dOc
√
D) . (86)
These are couplings among heavy neutrinos and furthermore are suppressed
by the mixing matrix G.
R and I couplings
Concerning the neutral couplings to R and I the first term of N0ν given by
Eq. (76) leads to currents with the same structure as those mediated by
H0. The second term of N0ν leads to diagonal coupling matrices, due to the
block structure of Σ2 given by Eq. (71) and the fact that, as a result of the
patterns given by Eq. (71) for the neutrino mass matrices, the matrices U ,
G, S and T are block diagonal with no mixing in the third row and column.
The additional couplings to R and I are derived by replacing mD by Σ2 in A,
B, E and F introduced by Eqs. (78), (80) and (85). From Eq. (78) and the
definition of mD given by Eq. (53) we obtain the following additional term
for light-light couplings to R and I:
1√
2
v2e
−iθU †Σ2S
∗ =

 0 0 00 0 0
0 0 d3

 . (87)
From Eqs. (80), (81) and (83) we obtain the following light-heavy coupling
terms:
1√
2
v2e
−iθU †Σ2T
∗ = i

 0 0 00 0 0
0 0
√
d3
√
D3

 , (88)
1√
2
v2e
−iθG†Σ2S
∗ = i

 0 0 00 0 0
0 0 d3
D3
√
d3
√
D3

 . (89)
Finally from Eqs. (85), (86) we obtain the following heavy-heavy coupling
term:
1√
2
v2e
−iθG†Σ2T
∗ =

 0 0 00 0 0
0 0 d3

 . (90)
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Combining the two contributions from N0ν , the light-light couplings to R
and I are diagonal. For the first two generations the coefficients are given by
v2
v1
d1
v
and v2
v1
d2
v
respectively. For the third generation it is given by −v1
v2
d3
v
.
The light-heavy couplings to R and I are block diagonal. Compared to
the corresponding H0 couplings the block (12) is multiplied by the ratio of
vevs v2
v1
and the (33) coupling is multiplied by −v1
v2
. Likewise for the heavy-
heavy couplings to R and I.
From the point of view of low energy physics, the example given is a model
of BGL type, with no Higgs mediated FCNC in the up sector (light neutri-
nos) and with the strength of the FCNC in the down sector controlled by
the PMNS mixing matrix. All flavour changing neutral couplings with heavy
neutrinos are parametrized by both light and heavy neutrino masses, and
the product of matrices i
√
dOc
√
D, with Oc of the form given by Eq. (82).
Heavy neutrino decays may be the source of the baryon asymmetry of the
universe through leptogenesis [34] with sphaleron processes [35], [36].
Next we write the Yukawa couplings to the charged Higgs, H+ using
Eqs. (87) and (90).
H+ couplings
The charged Higgs interactions with the fermions, obtained from Eq. (52)
are given by
LY (charged) =
√
2H+
v
(ν0LN
0
l l
0
R + ν
0
RN
0
ν
†
l0L) + h.c. . (91)
In the fermion mass eigenstate basis these interactions become:
LY (charged) =
√
2H+
v
[νLU
†
ν
NllR +NLQ
†NllR] +
+
√
2H+
v
νc
L


v2
v1
d1 0 0
0 v2
v1
d2 0
0 0 − v1
v2
d3

U †
ν
lL +
+
√
2H+
v
N c
L

v2
v1
F † −
(
v2
v1
+
v1
v2
) 0 0 00 0 0
0 0 d3



Q†lL . (92)
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4 The scalar Potential
The Z4 symmetry which we have imposed on the Lagrangian, forbids vari-
ous gauge invariant terms in the scalar potential, such as φ†1φ2 , φ
†
1φ2φ
†
iφi,,
φ†1φ2φ
†
1φ2. As a result, the Higgs potential has an exact ungauged accidental
continuous symmetry, which is not a symmetry of the full Lagrangian. After
spontaneous gauge symmetry breaking, the accidental symmetry leads to a
pseudo-Goldstone boson. The simplest way of avoiding the pseudo-Goldstone
boson is by breaking the Z4 symmetry softly through the introduction of the
term m12φ
†
1φ2 + h.c.. This term avoids the pseudo-Goldstone boson which
acquires a squared mass proportional to |m12|. In order to discuss CP vi-
olation in this class of models, one has to consider separately the cases of
explicit and spontaneous CP violation.
Explicit CP violation - If one does not impose CP invariance at the
Lagrangian level, Yukawa couplings are complex. In spite of the special form
of these couplings, due to the presence of the Z4 symmetry, it can be readily
checked that there is in general CP violation through the Kobayashi-Maskawa
(KM) mechanism. The simplest way of verifying that this is the case, is by
noting that Hd ≡ MdM †d is a generic complex Hermitian matrix while Hu is
a block diagonal matrix. One can easily compute Tr[Hu, Hd]
3 and show that
in general this weak-basis invariant does not vanish thus proving [37] that
there is CP violation through the KM mechanism. In order to check whether
there are in this model other sources of CP violation, one has to look at the
scalar potential. It can be readily checked that the scalar potential, by it-
self, is CP invariant since the phase of m12 can be removed by rephasing the
scalar doublets, thus rendering the potential real. The powerful Higgs-basis
invariant CP-odd conditions derived in Ref. [38] would obviously provide the
same answer, however this is a straightforward case. In this variant of the
model, one has all CP violation arising from the KM mechanism. However,
note that there are, for example, new contributions to Bd – B¯d apart from
the usual box diagrams of the Standard Model. These new contributions are
mediated by tree level scalar interactions, which are proportional to (VtbV
∗
td)
2,
therefore with the same phase as the SM box contribution.
Spontaneous CP violation - It can be readily checked that even in the
presence of the soft breaking term m12φ
†
1φ2, one cannot achieve spontaneous
CP violation, without enlarging the scalar sector. On the other hand, one
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may obtain spontaneous CP violation by introducing scalar singlets. However
in order for the phase arising from the vacuum to be able to generate a
complex CKM matrix, one has to introduce vector-like quarks [39].
5 Conclusions
We have analysed how to extend to the leptonic sector, BGL models sat-
isfying the minimal flavour violation (MFV) hypothesis. Both the cases of
Dirac and Majorana neutrinos were considered. In the case of Dirac neu-
trinos the extension to the leptonic is straightforward with great similarity
to the quark sector. We have shown that if type-I seesaw mechanism is
adopted, the requirement of having a non-singular Majorana mass matrix
for the righthanded neutrinos further restricts the choice of the discrete sym-
metry which allows for realistic BGL models in the leptonic sector. A striking
result of our analysis is the fact that this restricted form of the symmetry is
also required when considering the low energy effective theory with Majorana
neutrinos. In particular, it was pointed out that BGL models satisfying the
MFV paradigm can be extended in a natural and elegant way to the leptonic
sector with Majorana neutrinos, through the introduction of a Z4 symmetry,
imposed on the full Lagrangian. Furthermore we derive the equations which
guarantee calculability of Higgs FCNC in terms of masses, VCKM and VPMNS
matrices showing that these equations are stable under renormalization. We
have also analysed the scalar potential which acquires an exact ungauged
accidental continuous symmetry arising from the absence of various terms
forbidden by the Z4 symmetry. We have pointed out that the simplest way
of avoiding the resulting pseudo-Goldstone boson is through the addition of a
quadratic term in the scalar potential, thus softly breaking the Z4 symmetry.
Finally, we emphasize that the relevance of BGL models stems in good part
from the fact that the most general tree-level flavour violating neutral cur-
rents are naturally suppressed by small VCKM elements like the combination
(VtdV
∗
ts).
A full analysis of BGL models is beyond the scope of this paper and will
be presented elsewhere [40]. It is clear that the extension of BGL models to
the leptonic sector is essential in order to make possible the above analysis
and furthermore, to allow for a consistent analysis of the renormalization
group evolution.
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